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This work is an extension of the Investigation which 
was first begun by Cain? into the practicability of applying 
the principles of moment distribution to the solution of 
arched bents. Gain determined the fixed end moment, carry 
ever factor, and absolute stiffness of prismatic parabolic 
arches of 25' span for verlous rige/span ratios. Hansen 
and Jones” continued the work by investigating various 
gpans and found that for prismatic parabolic arches, 4 
definite relationship exiated between these factore and 
the span for a given rise/span ratio. Nascent” did similar 
Work on non=-prismatic parabolic arches. 

The object of this thesis was to Lavestigate prismatic 
and nonepriswatic clroular arches, to determine the fixed 
end moment, carry over factor, and absolute stiffness for 
sueh archer having a rise/span ratio between 0.08 and 0.40, 
and to apply the moment distribution method of analysis to 
bente having either type of circular arch as their top mesiber. 


1eain, M.Gey Application of Moment Distribution to Arched 
Bents, Thesis, #.?.1., February, 1947. 

2uansen, Bein, and Jones, 1.0., Method of Application of 
Moment Distribution to Solution of arened Kenta, Thesis, 

Rel. Les Ray» 1945, 

Suascentk, John, Method of application of “oment Distribution 
to the Solution of Arched Bents with a Yarying Moment 
of Inertia, Thesis, K.P.i., May, 1949. 
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DESPINZTLONS OF SYMBOLS 


8 ~- Lehgth of span in fect. 
% - Total length of arch in feet. 
r 


«~ Rise in feet ~ distance from springing line to 
CPA. 


~ Horizontal thrust in kips. 


BR 

ut ~ Pixed end moment in kip feet at right springing. 

ue ~ Pixed end moment in kip feot at left springing. 
y - Vertical reaction in Kips. 


T,. ~ Grose sectional moment of inertia at any point 
along the arch. 


Ie ~ Gross sectional moment of inertia at the crown 
of the arch. 


“ - The angle between tangent to working line of 
arch, and a line parallel te springing Line, 
equal to 


The angle subtended by that portion of the arch 
between the crown and any point om the aren. 


ds ~- Increment of length along the arch. 

A” - fotal horizontal deflection of a point. 

AY «- Total vertical deflection of & point. 
cy - ‘Total angular rotation of a point. 


re « Horizontal deflection of a point due to the 
application of a unit borisonteal force. 


pee ~- Vertical deflection of a point due to the 
application of a wnit vertical force. 


Oy 


hv - Horigontel deflection of a point due to the 
application of a unit vertical force, 
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Vertical deflection of a polnt due to the 
application of a unit horizontal force. 


Horisontal deflection of «4 point due to the 
application of a unit moment. 


Vertical deflection of a point due to the 
application of a unit soment. 


Angular rotation of the mexnber at a point due 
to the application of a unit moment. 


Angular rotation of the meoaber at a point due 
to the application of a unlit vertical force. 


Angular rotation of the member at 4 polnt due to 
the application of a unit horizontal force, 


fhe vertical distance from the arch center to 
the neutral polat. 


the horizontal distance from the vertical ref- 
erence axis to the point of application of the 
anit load, 


Tae angle subtended by. the are between crown 
and load point. (sin”+x) ,/f) 


Radius of arch measured in feet. 

Horigontal reaction at the neutral point. 
Vertical reaction at the neutral point. 

Moment at the neutral polat. 

Load point ~ point of application of the load, 


The angle subtended by the arc between the crown 
and the right or left springing point.. 


1% 


FR it : 
w# 

wy 
. 


bape ai 


gate’ 


th Re PRE Ea ae as a8 eerie a 
. eh oO eat EC A eS RS ARS bY 


ed | 


ay 
“ 


4 


oe sNT LOR 


The carry-over factor is considered positive when the 
sioment applied at the binged end preduces tension on the 


tep of the arch and the moment induced at the fixed end 
produces tension on the bottom of the arch. 


Positive tabulated aud plotted fixed end momeats 
indicate tension on the top of the member at the end 


considored,. 


‘The moments considered in the Howent Distribution 
Method are all internal moments or in other words, the 
moment exerted by the mewher on the joint. if the end 
of the member tends to rotate the joint in a clockwise 
direction, the internal moment is considered to be 


po ai tive. 


PPC, 


ee 


ae Set. 2BE Sesh alent 


fy ae A 2 tl a dl 


as A: RRS Si Se. Se 


wtf besitt tm ee Kobe? SrA Eni SG RR, « Uy ag. Geto. f 
he Be ik, a rap Sh SOR O, ‘sccb basing Wee, oeact ca8 
wiiharcen eee ae ode vee in hon ea 


‘ 3 tM f 
Mas ey 1 @ 


ra 
ce ¢ 


\pa 
Ay Ww 


7 so a 7 a ae 
ee, an oe > 


A 
i hy 
fi 
* 
f 
iy 
| 
| 
é 
/ 


<< CC TC 


: 


“tbe 


‘ 


a. ee 
ct 
a; 


# 
bet 


: 


+ 


r 


ea Ls ee Yi 
; Ps tou 


i» 2? 
LCapere 
“oes 


introduction 


Tt Le a well known fact that indeterminate rigid frames 
may be solved by the method of moment distribution provided 
the constants {a} etiffnesas at each ond, (b) fixed-end 
moments at each end, and (¢) carry-over factor at each end, 
are known for sach meuber waking up the Prane. 

Curves giving the required constants for non-priamatic 
members having one edge straight have been avallabie to 
designora for somo time; however, to the mnowledge to the 
nuthora, mo such complete information has been made avall-~ 
able on priamatic and noneprismatic circular arched uembera. 

In thie thesis, the constants required for a solution 
by moment dletribution have been determined for prismatic 
circular arched members, and for nom-prismatice circular 
arched seubers having rise/span ratios of 0.04, 0.08, 0.20, 
0.50, and 6.40, 

Tim exact formula for eath of the constants was 
derived in terme of the geometrical characteristics of the 
arch, and the relationship between these constants and the 
spen for the seme rise/span ratio was determined, The solu. 
tion of the derived formulas for an arch having a span of 


one foot provided data for curves from which the required 
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constants for circular arched members of any span having rise/ 
span ratios within the range of 0,04 to 0.40 can be determined, 

The method of analysis used to derive the formula for 
fixed end moment is a combination of The Conjugate Structure 
¥ethed and the Neutral Point Method, The General Wethed and 
the theory of Virtual York were used to derive formulas for 
Carry<over factor, absolute stiffness and the effect of 
apread. 

The Conjugate Structure Hethod was developed by J. Stere 
ling “inney, Profeasor of Structural Engineering, R.F.I., Troy, 
Hew York, ‘The principles of the method are as follows: 

"(1) The conjugate structure, for a given real structure, 
is identical to the real structure with regard to the Lengths 
of the members and their relative position, 

(2) The conjugate structure ie positioned in a horizon 
tel plane. 

(3) fhe load, which acts im a vertical direction on the 
conjugate structure, is the M/SI diagram of the real structure, 
that is, the conjugate structure is loaded with the fleaural 
strains of the real structure, 

(4) 1f the flexural strain at a given section of the real 
structive ia such a@ to cause tension on the outside fibers, 
then thia flexural strain 1a represented ae a dewnward load 
on the conjugate structure. If compression exists on the 
outelde fibera of the real structure, the load on the corres~ 


pomiling section of the conjugate structure is up. 
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(5) The conjugate structure, under the action of the 
real structure flexurel straing as losds and the reactions 
of the conjugate etructure, must satisfy three equilibrium 
condition equations, specifleally: 

zy 2 O 
z. My 2 9 
Zv¥ 2D 

(6) fhe shear at any section of the conjugate structure 
is the slope of the corresponding section of the real struce 
CUMO. 

{7} The internal moment on any section of the conjugate 
atructure le the deflection of the corresponding section of 
the real structure in a direction perpendicular te the lever 
arn used to find any particular moment. 

(8) The end of the conjugate atructure corresponding 
to the ond of the real structure which suffers defleetion 
@lwaye has a fixed suppert. 

. (9) if the moment et any section cf the conjugate etruce 
ture results in tension on the top fiber, the vertical de- 
flection at the corresponding aection of the real structure 
is down and the horizontal deflection is such as to shorten 
the horigental projection of the distance between given 
pointe in the real structure, 

{10) If a section be passed through any point of the 
conjugate structure end if the portion of the conjugate 


structure to the right of the suction tends to move up, 
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with regpect to the pert on the left of the section, then 
the rotation ef the correspending section of the real struce 
ture is clockwise.’ 

It shovld be peinted out that in this thesis an elastic 
area, whose width at any point is 1/kI fer the correspondiag 
section of the real structure, was dullt up and loaded with 
an intensity equal te the Moment at the corresponding section 
on the cut Sack structure. The product of the load intensity 
™ and the differential elastic area da/si gives the differen 
tial elastic load on length ds of the conjugate structure, 
Thie methed provides for # better pictorial representation 
of the integration fer the non-prismatic arch eince we do 


not have te modify the load intensity by 1/AI. 


By locating the centroid (called the Keutral Point) of 
the elastic ares, cantilevering the arch out from the right 
end, and connecting the Heutral Point (8.?.) to the left end 
by a weightless rigid bracket, we can obtain tha deflections 
Des Sins and Xp. as caused by applying individually a 1 kip 
vertical force, « 1 kip horizontal force, and a 1 foot kip 
couple at the f.P. We can also evaluate, by principles of the 
een jugate structure method, the deflections Afi, Ay and 6 
at the 8.?f. as caused by a 1 kip vertical load placed at any 
point on the arch, 

from the theories of the Youtral Point Method, the reac 


4 "“Indetersinate Structures" «- J, Sterling Minney, Auguat 1949 
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tions at the N.P. caused by the real kip vertical load on 
the arch are 
Vo @ (+) AY = Vy ee Pe Me fg = <8 
vv hh OC Ora 

Showld the value ef a reaction come out negative, this 
indicates that the direction of the reaction le opposite to 
the direction of the corresponding; unit force or couple 
applied at the NP. 

By applying the reactions at the 5.P. and using the sign 


convention shown below: 


($) PF 
(#) Vo | 
+) & 
($) & OK 


, % 
we 4 Vo(s) ~ Hole - (R=¥)] + Hy 
we = Vo($) = Hg[r - (R-9)] # Mo + PUG - Mp) 

A pesitive value of moment indicates teneion on the 
top of the arch. 


The value of $ for a prismatic arch 2 83/1. 
fhe value of ¥ for a non-priematic arch s Ld sien) 
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To avold repetition, the procedure for the determination 
of these factors le explained on following pages along with 
the development of the formulas for their values. 

Suaple calculations for the determination of the fixed 
end moments, vertical shear, borisontal reactions, carry-over 
fector, abeolute atiffness and reactions due to spread are 
shown for prismatic arches in Appendix "A", and for none 
prismatic arehes in appendix "8". 

Tabulated results, with all values expressed in terms 
os the span length in feet, are shown om pages 56 and 57 
for priamatic arches and on pages 65 and 66 for none 


prismatic arches. 
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10, THE: prey OF? srrot onsn AT THE mebreay, ie ee 
POIN? (N.P.) CAUSED BY A v1 °KIP. VERTICAL LOAD. OR OY 


ACTING ON THE.ARCH aT A POINT .VHAT 15. HORIZONTAL ie 
‘DISTANGE: X ro Bin! RIGHT OF THE CROWN . 
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Vi. DRPSRMINATION °F CARRY-OVER FACTOR 
When an arch is cut at the left springing end redundant 
forces are applied as shown below, deflections of the left 
springing will be se follows: 
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(2) AH & Ye Sime + Ya Sw * Ya Sin 
(3) O =. a Kom + Ya Moy + Ha % gy, 
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From the figure below, the right sidesof the above equations 
are integrated such that ef and EI by are expressed in terms 


of Rise, Span, Radius and arch Length, 
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Since the carry-over fector is equal numerically to the 
moment induced at the fixed end of a member when a unit moment 
is applied at the hinged end, the carry-over factor for the 
areh may is obtained by equating equations (4) and (&) to sero 
and solving simultaneously for V, and Hy in terme of Mg. Then 
by taking moments about the fixed end, My, can be expreseed as 


the cerry-over factor times My. 


He if A B 
St REA MEAD 
Va 
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Taking moments at the fixed end 
My = My + ¥,5 
@ My 4 (Dg)igS = (1425) (Mg) 
The induced moment at the fixed end 
“Mp a (+) (14D_) (5) my 
tor = (-)(14n9)(s) 


Although the term I, does not appear in the moment 
equation above, this thruet must be considered in the 
solution of an Arched Sent by moment distribution since 
every tine a joint is retated and the moments belanced 
out at the joint, the horlgontal restraining force at 
the ends of the noel resulting from the applied momenta 
must be determined, Gy keeping « record of the applied 
mowonte, the H.i.?. may be determined by Hy = (Dz) Mg. 
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Since the deflection condition equations (1), (2) 
and (5) are applicable to en arch of any span, it is 
necessary only to determine how the various deflections 
vary with spen in order to find the relationship between 
carry-over factor and span. 

Prom the fact that arches of the same Rise to Span 
ratio are elmailar ae previously proved, the deflections 
for an urch of Span Sg are written in terms of the 


deflections cf an arch of Span 5). 
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Substituting the above deflections for Point A of aren 2, 
for the corresponding deflections for Arch 1, we obtain 
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The induced moment at the fixed end 
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Since the absolute stiffness is defined as the moment 
required to produce unit rotation (1 radian) of the hinged 
end of a member whose far end is rigidly fixed, the abso- 
lute stiffness for the arch mey be obtained by setting 6 
of equation (6) equal to 1, and substituting the velues of 
Vy and Hy in terms of M, (previously determined) in the 
Fight side cf the equation. Sy solving the resulting 
equation for Meo the absolute stiffness le determined, 
(6) BI(@) = WglBIoc gu) 4 Vgl¥Io'gy) + gl Bloc’) 
After substitution: 

RE(L) = MglBloq.) + (Dg ily (iYoCg) $ (Dy, )Mg( Blog)? 


whieh, for sake of brevity, le written 


Sq @ ~ = Absolute Stiffness 
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Yeing the relationship between deflections and span 
that have been previously determined, we write equation (6) 
for an arch of Span Sp 
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Substituting the values of VY, and I, as previously 
determined for an arch of py Sigg 
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VIII DAPSRMINATION OF THG INDUCE KOKGNT ARD HeaCT1ONS 
(VERTICAL AMD HORIZONTAL) GCOCURNING aT TH2 GND OF 
BARCH GUE TO SPREADING OF TE ARCH UNDER LOAD 


Every vertical load placed on an arch produces a ten 
dency for the arch to spread. Since the colum members of 
an arched bent do not have infinite stiffnesa, « definite 
spreading of the arch wlll occur wader the lead. ‘Yhis 
spread must be taken into coneideration when solving an 
an arched bent by moment distribution. 

To determine the reactions in terma of spread, re 
Subject the left end of the aren to a apread of AH feet 
. (allowing no vertical or rotational deflection of that end) 
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we ovtein the desired reactions. 
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Determination of Hy, as caused by sproad ATI 
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Using the relationship between deflections and span 
that have been previously deteruined, and substituting in 
the appropriate equations, we obtain, 
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"9 obtain the carryeover factor we hinge the arch at 
the left end, set equations (4) and (5) equal to sere and 
solve simultaneously for V,g and f, in terme of Hg. Then 
| by taking moments at the fixed end, i, can be expressed as 
the carry-over factor times ig. 
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in thie thesia, we have presented data in both curve 
und tabular form that will enable an engineer to solve any 
elreular arched bent, the arched mewber of which 
(a) bas a rige/epan ratio between 6.04 ami 0.40, 
(do) {6 of constant moment of inertia or, 
(c) is of varying sowent of inertia, provided the moment 
of inertia at any point is equal te the *I7 at the 
erown times the secant of the angle formed by «a 
| bangent to the center line of the arch at the point 
in question and a line parallel to the springing line. 
*Pixed-<end-moment” influence lines nave been plotted 
by using the moments as caused by concentrated leads. 8y 
taking a susmetion of the ordinates of the influence lines, 
ecefficients have been determined for formulas expressing 
the fixed-end-soment as caused by 6 complete uniform load 
therefore, the arches aay be solved for either concentrated 
or uniform loade, 
Sheuld the designer desire the required factors to a 
degree of accuracy greater than 1s available from the curvea, 


exact formulas that will yield the factors are provided. A 


er easly eakgegiys 
ASG ac aint aer pe hasnskedat tan dents 


at 


complete solution for all factors can be obtained by knowing 
r (the rise in ft.), 8 (the span in ft.), and Xj), (the hori- 
gontal distance from the eroewn to the point of application 
of each load.) All formulas are based on loading to the 
right of the crown. 

As & result of this investigation, the following rela- 


tionships were proved: 


(1) The shear and thrust are constant for all spans. 


{@) Tre P.8.M. ta directly proportional to span, 
(3) The cerry-over factor is constant for all spans. 
(4) The absolute stiffness varies inversely as the apan. 


{1) The shear and thrust are constant for all spans. 


(2) The 7.4.8. is direstly proportional to epan. 
{3) The carryreover facter is constant for all spans. 


(4) The absolute stiffness varies inversely as the span. 


(1) The ehear is constant. 


¥rom the two problems Llluatrating the application of 
the mathoc, it is evident trat with the required factors 
available, the engineer can solve a circular arched bent in 
practically the same time thet he would need in solving a 
rectangular bent. 

Although wo bave limited our application to a single 
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BASBD ON A UNIT SPAR 


Rise/Span « 0,04 


‘Toad Fea (Left) Fou (Hight) 
KLP tp, sire V (Left 
i $.061981 & ~e009010 & 971891 710183 
2 gp ered & ~.ORER42 & «395637 2.214017 
4 4.009962 S$ -.037315 5 «847785 5.015085 
6 “se 8 = 020077 & * 5.482771 
Rise/Span » 0.08 
1 4.050115 3 -.012327 s 0971442 2405064 
2 4.061545 5 ~~. 20 & O9S274 1.256698 
4 ~.GO02108 # ~2049555 S eGA7244 22718642 
h ~.083471 3 033471 3 » 800000 2.956511 
Rise/Span » 0.20 
1 4.055678 & =.G12216 4% oe BEBBG4E «165552 
2 4.058824 § =~.O52825 & of9G5O 0 495915 
3 #0050550 3 ~ 049404 3 oT 77114 2820205 
4 ~.002575 & ~e046224 & 0845649 1.042554 
&- -e080681 5 =e950851 5 2300000 1.150556 
Rise/Span » 0.50 
1 4.950530 6 ~e-VL4401 & 2965001 0128096 
MS #2045027 3 =~ S63H5 3% 832010 SSSSLL 
o 4.018267 & -.O61105 & e7 608372 «567016 
4 ~eQL27OR & ~W51624 & 0588916 711666 
es) 087925 8 . w-O87988 & 2 SO0000 761935 
Rise/span : 0.40 
i $,.035390 8 ~.019555 & oe FSH547 0117988 
3 $2 028206 8 = eG45029 eS71238 «2931350 
4 = 2025480 & ~ 086521 3 655042 2545265 
& 047195 4 -.047195 © 2 5O0G00 «577442 


ARAMEM VITANELAS A HUY SYMATENOD YO “Oy 
mR tae ene ea 


~s 


$35 « 
. ed 
ve 
. 


00008. 


H 


i 
en me 
go ot £0 $9 fh i eeaes 


h 3 aA ‘i 


¥ 


ob = 


Tabuletion of Resulte for Prismatic Arch 


Absoly 


tif. 


9.009755 21/ 
8.834ae9 “I/ 


With Joint A free to rotate, and a moment of M, ft.kips 


applicd at A, the following thrusts and shears are induced 


at A. 


Thrust (Ors) 


20.957421 uy/s 
10.498726 u,/5 
4.216799 H,/3 
2.889691 wy/S 
2.740648 ug/S 


When a epread of AH fest ovcurs, 


moments, shears and thrusts occur. 


7064.944) 31 
1740,.5620 HI 


~-8608658 u,/S 


26593723 ws 
26811470 y/3 
«6222790 u,/S 
-5851579 u/s 
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TASULATION OF CONSTANTS POR A HONePRISMATIC MERGER 


| BASBD ON A UNIT GPal 


| Load Fem (Left) Fem (Right) V (Left) H (Thrust) 

Y Point PC. KIPS FteKILP 

} ! 

fh $.060585 § -O11415 3 © 972000 2764589 

| 2 $.085069 3 ~.032931 5 2896000 2.431799 

3 $.035853 s ~.048147 8 -784000 4.162677 
4 ~.000922 3S =-,048922 § .648000 6.427620 
5 «58446 8 ~ 058446 & e5OOGOOD 6.896671 

\ 

Rise/Span » 0.08 
i $.081564 3 ~.010486 $ «872000 562690 
& #,055876 5 ~.048425 & 2784000 2.073643 

| 4 ~,000846 8 ~.0489846 3 «848000 2.702132 

\ § @.CSl806 & « 081605 8 ° 8.921515 

. Rise/Span # 0.20 

F 1 $.086625 3 =O15175 3 2972000 ~L75661 
2 $.085210 4 ~.040790 5 898000 2523908 

| % $.028923 ¢ =.060077 & - 784000 894297 

| 4 «015405 § ~ 065405 3 348000 1.188264 

| 5 ~,047449 & ~.047449 3g 2500000 1.253049 

| tise/Span = 0.30 

iw %.055508 5s -.016697 3% . 972000 120171 

2 2051597 & ~.044413 8 296060 S57547 
3 #019117 3S 064584 5 - 784000 ‘ 

| 4 020402 £ ~,068492 5 2848000 2769852 

| 5 089644 5 ~.088644 8 - 500000 .830758 

. Rise/Spen = 0.40 

| i $.052084 3 -.019916 8 2 972000 096968 
2 $,0427357 8 « O5S263 5s 2896000 2 L65ae8 
3 4.005919 3 ~.078001 3 0784000 2473109 
4 =.036355 3 ~.084355 6 . 646000 604816 
5 =,069383 8 -,069585 3 800000 651856 
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With Joint A free to rotate, and a moment of uy ft.kips 


applied at A, the following thrusta and shears are induced 


at Ae 


4524587 Bl gt, /S 
2.916752 BI.N,/S 
2. RG7SSS BIg ie/S 


Vertical Shear (KIPS) 


-6629046 BI ,¥,/S 
-S620586 3i.M,/3 
2GO7SO1LE BIg, /S 
5644486 EIQN,/S 
o4858152 B1,u,/8 


@hen a apread of A feet occours, the following 


monents, shears and thrusts occur. 


Thynet (KiPs 


7065.0662 £1,An/s° 
1761.8736 er” ai/s® 
$10.4368 “1,4H/3° 
144.9938 81,48/s° 
98.9055 214/89 


(~)189.17764 iL 
(=) 94,.44436 a1, a/s® 
(m) 1.00462 21 ,an/s? 
(+) 98.00866 81, 48/ 
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POR A PRISMATIC BUNT, | 


Riae » 4° 


Ries . 4 « ef 
Span =to" 


(=) 0468 * 10*x20 wm (=) e500 Pteke 
($) 0806 x LO X20 eq ($) G.1% ft.k. 
820 x yo 4 te 
f, = +820 x20 ¢ 2.2° —— 
with a positive yan indleating tension on the top of member. 
In woment dietribution a soment that tends to rotate the joint 
clockwise is considered positive, therefore 
wt, 2 (+) 9630 ft. kee ul, = (+) Gel® ftelte 
The absolute stiffness from page 57 is 7.6059 = = soo470 I 
Use 6846 UT 
The carry over factor ia (-).6469 


the absolute stiffness of the prismatic celuum members is 


ae eo e287 and the carry over factor is (49500. 
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POR PRISMATIC BENT 


Assuaing rotation of the joints only, selve for the 


moments at all joints by moment dil stribution. 


| Joint _A 3 a is] 
| Menter AR BA oe) = 6 te 
Wy MOMENTS 
Ph. s 0 she «658 8 the 8 
cor Oo 66 sa ahey a es 6 
; 9.30 6,12 
41.499 +318 *6. ig +6,12 =? La ‘ 
“1.90 +5.mb 45.0h #282 (1h 
+0.33 #0.65 41.25 41.25 “0, Ms 
of. 30 +. 29 40.29 #0.15 + 
*0.02 *0.03 40,07 40.07 —_ 


40.03 #9.01 40,02 


A record of the balancing moments taken by the arch must 
ae be kept in order that the horlzontel restraining force at the 
enda of the arched member may bo determined. The magni tude 
of this restraining foree depends on the properties of the 
arch under consideration. 

fie required horigontal restraining forces at the ends 


of the arch are wade up of the following componenta: 
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(1) That force nevessary to restrain the horizontal 
thrust at the ends of the areh caused by « load on 
the arch or cauged by the tendency of the arch to 
spread, 

(2) That force necessary to restrain the horlacatal 
thrust at the ends of the arch as caused by the 
balancing aomonts. 

{3} That force necessary to balance the shears in 
the ¢olwan members. 

{4) Phet force necessary to prevent sidesway when 
‘a horizontal load is applied to the bent. 

Yeing the sign convention of souent distribution, a 
positive balancing moment at the left apringing causes hori~ 
wontel restraining forces at the two ends of the arch actiag 
im directions away from each other, A positive balancing 
moment at the right springing causea equal horisontal 
restraining forces acting in directions toward each other. 
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POR PHISHATIC BERT 


The artificial joint restraints (AJR) required to pre- 
vent the originel bent from deflecting due to aidesway or 
spread are equal to the horizontal restraining forces at the 
ends of the arch. (FH = ——— 2 071084 See Page 57) 


HRY Caused by: Hay + HRP 
| (a) Load on arch ($)8.20 (+)5.20 
(>) Balancing Moment at 38 
(c) Salencing Yoment at ¢ 
(0.21004) (5.74) ($)1.21 {~}l.2l 
(4) Shear in Member 4% 
(1.94 $ 3.86) ($)0.29 


(e) Shear in “ember oD 
(1.49 £ 2,98) ($)0.22 
(f) 2 Kip Load at ¢ 2.00 
Ad&y (4)5.16 Ady (+)5.62 


Let X a AJR registing spread 
Let y » AJR resisting sidesway 
then 


Ke ¥y = G15 
a Te ¥ = 5.62 
~ x 2 xX eld. 75 
a | he lee Oe 


y = 1.258% 


Thus the Alhgy required to resist spread e« 6.a75" —_—_ — 


and the AIKe, required to resist sidesway 1.265" —» 
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Asswuse a spread of 1000/SI feet, allowing no joint rotation. 
S00’ 
Fd es 
500’ if 


EL 


fhe following reactions at the ends of the arch result 


frou the above spread ef 1000! 
EL 


Prom Page 37 


i, = 245.8247 ae = 245.8247 81 x 1000 = 50.7261 ~— 
g (20) — 


Me. = (#)52.45204 BIAR - 32,4520487 1000 
. ” : ka ; pase : ava 8 . 
ey, = (4)91.150 


The above moments indicate tension on the top side, hence 
for moment distribution sign convention: 
we. = (#)81.1501 ft.k. wh, = (-)81.1301 ft.k. 


fre womente induced in tre ends of the column members are 


equal to Snide 
L 


z Tany2 Boe) = 7.5 ft.kips 


a 


and mi, s (+)7.5 = Mbp 
wea = (4)7.5 « wh. 
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Solving for moments at the joints caused by the assumed 


spread 
Jo int 4 3 bites 1 dilly 3 
Member AB BA BS BALANCLAG ca. cp be 

i 2: 9, o.3es0 |= SOMKNTS 4. 3048 048 “2 
ra oe 9.342 0.653 0.658 0.542 Q 
GCOF 0 $0.5 0.5459 #0 .5489 ~0..548940.5 0 
ue «= 7,80 « 7,80 4 81.15 4 7.50 4 7.50 

712288 Zee #3 MGb2a8 40.45 $16.90 


~ Lite $37 25S $57 253 419.40 + 9.70 
$ 2.93 & 4.45 $ 8,57 4&4 3.57 


or ae 4 1.97 $1.97 $ 1,02 + 0.51 
4 0.12 ’ 0.24 + 9.45 4 0.45 - Ow 
4284 $0255 $ 0.11 } 0.11 $ 0.05 $ 0.03 


u “17.74 =27.099 $27.99 -27.97 $27.97 £17.74 
Sar 


Moms. =O —45 $59.41 


The consiatent joint force (CJF) required at 8 and © to 
maintain the assumed epread must equal the horigontal re- 


straining forces at & and C, 
+ 


HEY Caused by: HRP, shy 

{1} Spread in the arch ~30.73 $50.75 
(2) Salancing smowent at joint & 

{0.2821084) (30.45) + 8.3) ~ 8.51 
(3) Balancing woment at joint ¢ 

(0.21084) (39.41) + 8.31 - 8.31 
(4) Shear in member AB ADsTA fie ae ~- 2.29 
(5) Shear in member BC a - + 2.29 


CJ¥_,  ~16.40" 16.40% 
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Since a consistent joint force of 16.40" at each ond of 
the arch acting away from each other will produce the assumed 


spread of 1000 ft., and since an artificial joint restraint of 


6.875 kips was required to restrain the original structure 
from spreading under the action of the 10 kip vertical load, 
the actual spread will cause moments at the various joints 


equal to 


AIRsp (ye. ¢ 6,875 
ap or 1000 ) = hi s Ss 4192 Mo 
Fee =r Io.40 “sp " 


SIDE SEAY 


Assume a sideasway of 1000 feet to the left. 


at 


The moments induced in the columm members as a result 


of the assumed sidesway equals 


GEI . GBI 1000 . 15 fk. 
“pe (20)* wt 


ue = (-)15 rk, _* = @iS Ln» wis = o15 ln» Mie = oS fk. 
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Selving for the moments at the joints caused by the 
assumed sidesway. 


oint A 3 GC D 
wember AS Ba Be cB cp pe 
a 0.2 0.3848 __ 0.388 0.2 0.2 
BALANCING 
E | MOMENTS 
7. 0.342 0,658 0.658 0.542 0 
GOP 0 + 065 -0.5489 B49 0.34893 0.5 0 


PEN #15200 -15.00 715.00 -15.00 
$ 2.57 $ 5.13 + 9.87 + 9.87 ~ 3.44 
~ 4.20 $12.15 $12.15 ¢ 6.31 + 5.16 


$ 0.75 ¢ 1.45 + 2.75 4 2.786 ‘ 6.97 
$ 0.04 4 0.08 $ 0.14 +} 0.14 


eevee ne AES NOES LID LLE LIL LLL IODA IEC OEY IDLE FOAL COE RDI TORE OL ADDIS DD IAI DERE LE LILY ELLIO OL OEE 
Be -11.66 aaa & 34 + 8.34 y 5.56 - 8.58 “11.87 
Sal. | 


fhe consistent joint force (CJF) required at Bb and C to 


maintain the assumed sidesway must equal the horizontal re- 


straining forces at 5 and C. 


a. 

HRP seaused by: HRP y, HRP _ 
(1) Balancing Moment at Joint 3 

{0.21064) (12.79) (+)2.69 {$)2.69 
(2) Salancing Moment at Joint ¢ 

(0.21084) (12.77) ($)2.69 ()2.69 
(3) Shear in Member AB aisth $ ete (-)1.00 
(4) Shear in Member CD 11.67 + 396 (=)1.00 

CIP... (-)1.00" (-)1.00% 
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Since a consistent joint force of 1.00 Kips et each end 
of the arch acting toward the left will produce the assumed 
gidesway of 1000 feet, and since an artificial jolat restraint 


ef 1.255 kipe was required to prevent sidesway in the original 
structure under the action of the 10 k vertical load, the 
actual eidesway will cause “ovements at the varlous joints 


equal to 
AJfigs (Mgg Tor 1000) « 1.255 Bge = 1-855 Bag 
28 > 1.00 


OF RESULTS 


Pactor Kab ine Hye Meb Ned Nac 


Mp (H1.94 ($) 5.56 (~) 3.98 (~) 2.90 ($) 2.93 (4) 1.49 
ef192 Mgpl~)7ed4 = (+) 12.075 ($)11.75 (~)11.7S ($)11.75 ($) 7.44 


1.255 Mgg (-)14.60  (-)10.47 (4)10.47 (410.49 (- 


Final ' 
Internal | 
Moments (-)20.13 (=)18.54 ($)16.54 (-) 4.27 ($) 4.22 (+) 6.72 


Ha = Medd + 18054 _ 1 905 & 


Gubting the ont at A 


¥a'®9) 2 20.13 ~ 60 ~ 40 = (-)5e72 


Cutting the Sent at 4 


(=)¥g(20) $ 5.72 - 40 $ 140 = (-) 20,18 
- 20.15 - i 


126,85 - ae 
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POR A SON-PRISMATIC BENT (I, = 1,8ec6) 


fhe application of the method of moment distribution to 


the non-prismatic is the same as for the prismatic, 


This 


problem is worked primarily to shew the relative values of 


moments and reactions developed under the same loading on a 


bent whose rise to span ratio and overall dimensions are the 


Same as for the prismatic arch bent but whose Ipnoq, is equal 


te the Isrigmatic multiplied by cos®, = I,x .72415 


Prom Curves: 
Mee = (~).0601 x 10* x 20" » (~)12.02 ft.k. 
wt, = (+).0259 x 10 x 20 » ($)4.76 ft.k. 
% 2 «8943 x 10 = 9.945 k —~— 
He 2 +8945 x 10 = 6.945 k&—— 
Por Noment bistribution Sign Convention 
mE. = (-)l2.02 ft.k. mh, « (-)4.78 ft.k. 
Atplute Stiffness of: 


Arch (Page 66) 9.87973iig = 9.87073(.72415)EI = 
ae 


Colwan Sembers 4¢%—i = 0.2 HI 


e0O7T72 BI 


» i 


eter  siabaaintidie oat wot ae: wee por BAIA 7 
“We saan ovbsaten gas, | ae eee 


“ext ome waoRenenio £ rath Us toes san 
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= Fe 


Carryeover Factor of: 


Areh (Page 66 ) a (~).5927 


Assuming rotation of joints only, 


Joint a. ~"s 
Hember Ai Ba BC 
K O22 O42 e564 BALANCING 
MORAHTS 


Colwwn Membera = (4)0.50 


¢ B 
CB Cl Pe 
O.958 O42 O.2 


«12.02 
} 2.15 $ 4.50 $ 7.72 } 7.72 


$ 0.36 % 0.71 4 1,26 4 1.26 


$ 0.03 $ 0,05 4 0.08 + 0.08 


+ 2.54 + 5.06 - 5.06 


- Sebo. 
+ 5.01 $5.01 $ 2.90 4 1.40 


# 0.52 $ 0.52 $ 6.15 $ 0.09 


+ 0.08 $ 9.02 } 6.01 


A OAR ARBRE 


~ 2.09 $ 2.99 4 1.49 


The artificial jeint restruix tas 
HRP Caused by: 


(1) Load on Arch 
(2) Belancing “Moment at 3 (.21622)(9.06) 
{$) Salancing Yoment at ¢ (.21622)(5.355) 
(4) Shear in as ae a 
(5) Shear in cp etn eb to 
(6) © kip load at c 
Let x » AJR resisting spread a+*e¥e 
y w AJR vresiating aldesway K~-/Y¥e 
2X = 
ie ee Xe 
J s 


ee ek hae 


SAY ' se: - 
HRP; ——~ ARP 
(4)5.94 (+)8.94 
(m)1.96  (4)1.96 
{$j1.16 {#}1.16 
{$)0.88 
($)0.22 
(#)2.00 
(4)8.52 {-)5.92 
8,52 
5,98 
14.44 


7.22% — ATE resiating spread (sp) 
1.50ke AJN resisting didesway (sa) 
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Assuming a spread of 1000/8I feet, allowing no joint 


rotation. 


"he following reactions result at the arch enda. 
Prom Page 66 
H,, = 510.4368 eI,AH = 510.4558 1,(.72415) x 1000 = 26.1006 = 


| ae : 


Be Ss 25,1006 —~ 


ithe = 42-7235 BIGAM . 49.725507(.72418) x 1000 5 (4)776345 


(20)2 
wi, = ($)77.545 


For Mowent Distribution Sign Convention 
tthe = (+)77.845 ut 2 (~)77.845 


The momenta induced at the ends of the column members are 


= S81 (500) . 7.5 rt.xips 


and uf, = (+)7.5 ft.kips = Ube 


wig 2 (4)7.5 ft. kips = M4, 
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Solving for moments at the jointe caused by the assumed 


sproad 
at A C D 
er As BALARGCING CB CD DG 
x G2 0.9 0.863  “OManTS 0.558 0.2 0-2 
Fad re) 0.358 0.642 0.642 0.358 oO 
FEM 0s w_- 7. BO = 7.50 $77.55 =77.35 + 7.50 & 7.50 
w19.51 ~25.01 44.84 ~-44,54 $17.62 
me I. $55.53 $33,535 70 4 9.35 
3 2.36 & 4.7 8.46 + 8.46 - Sear 
~ 2. + 2.13 4 Seis i al oo a » 0.680 


~ Os 
$ 0.01 4 0.02 $ 0.05 4 0.08 


aie eon 
R 


17649 wi? 47 $27.4 


} 0.15 4 0.15 $ 0.08 # 0.04 


Yom ~35.31 $55.79 | 


(1) 
(2) 
(%) 
(4) 


(8) 


The CJf,gp required at Band Ce JZ HRF*s 


HRP Caused by: up, + 
Spread in the arch {+} 28.10 


Balancing Soment at 3 (.21622)(45.81) (4) 7.74 

Belancing Moment at C {.21622) (55.7%) {4} 7.74 

Shear in tember a5 {17249427 .47) 5 44.96 (=) 2.26 
20 80 


Shear in Hember BC 


CI gp 2 (~)14.87 


—-—— = 


HAP, 
(¢) 8.10 


(-) 7.74 


(+) 2-26 
($)14.87 
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The moments induced in the colimm members as a result 


of the asoumed sidesway equals 


T° TH x 1000 = 15 f.k. 
e. 


wee (+)i5 th, we, 2 (+) 15 fk, why 2 (+)15 fk, Wh, 
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Solving for the moments at the jointa caused by 
the assumed sidesway. 


G D 
BALAKCLNG 2 _2P 2 
K 0.2 92 0.355  OkGNTS 0.558 0.2 (0.2 
} QO 0.358 0.642 0.642 0.358 Q 
cor 0 $0.5 -0.595 #0583 ~0.893 4 0.5 Q 
Pi © +1.00 -15.00 -15.00 +15.00 


+ 2.59 $ 5.57 + 9.65 4 3.45 - 3.78 
4 0.85 $1.70 $ 4.04 + 5.04 - 1.19 


+ 0.06 + Oe) + 0.12 + O19 ~~ o 
¢ 0.04 4 0.04 + 0.05 4 9.02 


11640 = 7.82 4 7.82 L 7.82 = 7.80 w11.40 


orn 


° 


MOMs 412.85 412.86 


the CP at SB and ¢C = F URE s 


igF Caused by: une, +. HRP, 
(1) Balancing Moment at & (.21682)(12.86) (-} 2.78 {($) 2.78 
(2) Balencing Yoment at © (.162°) (12.86) (4) 2.76 (+) 2.78 
(3) Shear in AB aad eS (=) 0.96 
(4) Shear in 3¢ {~} 0,96 
CIP ag (=) 0.96% (~) o,96* 
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AJAss (yeq for 1000) = 1.30 Msgs = 1.554 i 
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TABULATION OF RESULTS; 


Mp ($) 2.54 (4) 5.06 (~) 5.06 (+) 2.99 ($) 2.99 ($) 1.49 


24855 gp (-) 68.48 (-)15.54 ($)15.54 (-)15.54 ($)15.34 ($¢) 8.48 


1.554 Me, (-)15.44 (=)10.59 (4#)10.59 (4)10.59 (-)10.59 (-)15,44 


Final 
Internal 
Moments  (+)21.58 (-)18.87 (4)18.87 (-) 5.74 (4) 5.74 (-) 5.47 


~ £013 * — 


$)5.74 (-)5.47 2 eae 


Cutting the Bent at "A" 
a (-}21.38 + 60 4 40 ~- 5.47 ew (9015 . 3.6575 k { 
, | ——" 


21.58 + 13.87 .2 
ae - J 


Cutting the Bent at "5" 


-¥g(20) $ 5.47 ~ 40 4 140 = (~)21.38 


Va = £2)22.58_- 140 4 40 - 5.47 . 6.5495 & f 
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ae Horizontal Thrust due to Kotation of the Joint. 
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(6) affect of spread. 
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DETRRBIBATION OF O.., 5.1, andO,.. 
AT NEUTRAL POLIMY FOR PRIGHATIC ARCH 
From Formulas Previously Derived 
~ 22 ah thse = 
Soy = §lin-s(n-r)] ne i= - Blines(rr)} gy 2 TP 


Rise/Span = .20 He .725' 8/2 = .3625' T « 1.103479" 


MusPiatial ba TL OW OF Vo, Hy and @ at NMUTHAL 
PRIS@ATIC ARCH 


POLWT POR 
Hise/Span = .20 
Sink w= .68965 


A w 48°36'11.5" « .76102 Hadians CoeA « .72415 


Load Point Sine] p *1p Gos@}> S1p Hadians 
1 o 0 1.00000 o 
2 215795 7°65" 41,4" 99044 2 LSGS7 
S 27586 16°00" 47.2" 236120 «27948 
4 241879 24°26' 35.6" 291007 242062 
& «55178 $5°29' 7,2" 025408 258445 


Prom Formula Previously Derived 
Fn. _— Re a. Gee _ : 2,4 * 


R” 


Load 

Point “ap n/4 (Le-2@x) Fap-Sinez Gossag) Ri plier) rl cont) AY 
w 204989865 Oo a Par eres.) 
@ 41 104988865 00085535 .0380850 405208000 103555530 
S .2 04988865  .ooB7Ra52 O7612500.10104615 02225898 
4 .3 .04980865 00952171 1MIB750 214555597 —,01101047 
5 .4 .04988865 02368019 URA5OO 617855481 00510365 
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DETSRMINATION OF V,, H 


and § AT HiUTRalL. POLNT 


FOR PRISMATIC ARCB. (COnt.) 


_ AY 
Vos ee 8 vy 2 -O9077751 
Load Point AY 

i 004988865 
2 05555580 
3 OP 223098 
4 01101047 
& 000510565 


Prom > ee dS og Deri ved 


Atis aan Hi R(ter) i) ~ 


Load R ng® 

Point Ayp ~ “Ss 
1 o -85701295  .090625 
a oi «85701295 .090685 
3 2 BS701295 090685 
4 od 65701295 090625 
& ot eSS701295 000695 
o i?) (-} 00464198 
on 200659104 (+) 200430643 
o2 -OR662519 {~) 003856775 
od -06096413 {m} Ok02785 
+4 ell 138364 fobs 7903 


Prom Formula Previously Derived 


“1208504 


B® Cosy Re) - (8) yp) 1p (BS) 
i 


RlX» 3" nore re 
hp! R(Raw RS gE Gon, p(B) 
0 25007555 .34534943 
2005685 .25007555 34204094 
014500 .268007555 .33194511 
2039625 .25007555 .31439937 
-O56000 85007555 .fas0ese4 
a bh i, 
f—} 00410584 {~)1.1505555 
(-).00410554 (~)1.0408539 
{=} 00410584 {+} .G202551 
{~).00410584 (~) .49350194 


Go R(Rer) + R*(cosa,,) ~ (Xap) R(X), 


S Cys 


r 
Sead oft 
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FOR SMATIC ARCH {Cont. 
“¢ 2 
Point Aip R{Rer) R COB®) » 
1 o 5806250 5256250 
2 > § eS808250 8 .5206000 
3 of 5806250 5059507 
4 ad 3808250 .4785152 
5 4 233062580 .4585870 
Load 
Point @ 
1 ~1450000 
2 é 3328 
“ 0647824 
4 0251562 
5 0085508 


o LS1L4026 
0859098 
0496452 
eORL7 972 
0059566 


DETERMIBATION OF Vg, Hy and @ AT HHUTHAL POINT 
FOR PRISBATIC ARCH (Conte) 


R(X) (44) 


0 
2910035105 
04052460 
209278965 
eL 6940470 
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AD GHD MOMENT VOR PRISMATIC AKCH 


mt = Yo %- B [r-(n-F)] + m 


ME = Vo % = No [ra(R-9)] + My 42 (% ~ my) 


Sp Yo 
o {= .5000000) (-.5) 
el {-.3565515) (-.8) 
22 (-. 2228860) (-.%) 


R Ar) f—LLOSSO4 ) (-.5) 
of {+.O0511055 ) (+.5) 


_. 


(=) 2080852 
(+) O46ne4 
(~) 046484 
(=) 32826 
{~} 012216 


to Lr<t-9)] 


{-O0.8202651) (-.1G20160) 
(«0 1655315 ) (21520150) 


uf 
{=} -0S0651 
{ ~) 002575 
(4) .050650 
($+) 056824 


(}).086678 


Ry 


(+.1314026) 
(+.0859398) 
(+.0496452) 
(20227972) 
(+.0059866) 


The Fixed tnd Moments shown above are caused by 1 kip 


leads placed et diatances Xiy to the right of the crown. 


P.8.H. (left) ea cunsed vy ea i* load to the right of the 


crown equels F.%.K. (right) as caused by a 1® load placed 


at the corresponding point to the left of the crown. 


Peel. Values were tabulated on this baele. 
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DETERMLWATION OF GARY OVER PAGTOR, 
THRUST, ANY ABSOLUTS SPIFPRKSS (PRISHATIC 


Span Length » 1.0 Rise/Span e .20 8 » .725' TL « 1.103479 


Over 
(2) at S., = I ay zl. S/g 2 88175960 
(2) at Sug @ BIg, s T (Rise = (n-Pi] 


» 1.103479 [.2 ~ (.726 ~ .a5701295) | = .14567452 
(3) Biatg, 2 T « 161054790 
(4) Btw Ea + R/[ER - sine) 
—-& §be205479) 3 on (.'725{1.103479)=1(.725-.2)] 2 .37564705 
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DEPERMINATION OF GARRY OVEK FACTOR» 


Abplute Stiffness 


Prom Formulas Previously cerived 


When gel My s Sf were dy = (Mg # 2% yy + Dy Mgn)Bl 


(BI)(O5.) = b = 1.103479 

(BI) (Dg) (gy) = (99) (ES) = (=.652247)(.5517595) - -.s6026s52 

(8Z)(Dq) Ol gn) = (2) [E(ntse-[n-y])] = (-45216799) (14567352) = 
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OBTERKLBA TION OF + ye AND HRACTIONS 
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Prom Formulas Previously Derived 


m= Se where Dg = er Ge (5 a Say) i? 
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(2) (er §)..)(82 Syn) = (55175950) (02529875) = .0l2854a5 
(3) BI Oy, = -07285676 
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DEPURMINATION OF yy, Spy endo. AT WRUTRAL 
FOINT POR HOW.PRISWATIC ARCH 


Prom Formulas Previously Derived 


Cie s s Sve * (F)?-24]s + Ea KX ae = 6 


Rise/Span = .20 R= .725' 8/2 = .8625' LT 2 1.103479" 


Syy = 005553 §,. = .cosezl2 %,, » 1.00000 


OBPERMINATION OF Vy, BH, and @ AT HSUTHAL 
POINT POR NOKePRISMATIC ARCH. 


Rise/Span = .20 
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DEPTERMIRATION OF Vos tio 


POR NOW—PRISHATIC (Cont. ) 
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Values were tabulated on this basis. 
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DETERMINATION OF CARRY OVSH FACTOR, THRUST, 
AND ABSOLUTH STIFFNESS (NON PRISHATIC 


Span Length = 1.0 iise/Span 2 20 & » .725' T. = 1.103479 
Carry over 
(1) Bl, Sate z BT 9X oy = Pi = «5000 
(®) Bq Sim © BQH D, = Lin ~ s(n-r]] = 3 [(2.109479) (725)=(2) ( 599] 
= 018762588 | 
(3) BI,K, = 3 = 1.000 
(4) BIg S ye = = = 033353 
- (5) 21,9), 2 mm? - s - DR(Rer) = «52562600 - .08553553~.42015007 
= 022161600 


(8) Ble Syy = Ble Spy * F{[inesiner)) w 2 [[1.105479) (.725)-(1) (.525]] 
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DETERMINATIOS OF GARRY OVUR FACTOR, 
PUNUST, AND ABSOLUTE SYLFFNGSS (HOWPRIBMATIC) 


Absolute Stiffness 
From Pormules Previously Derived 


When @g2l My « _ where Dg 2 {Xg.#Do! OX gy 'C'gy BT 


(Ig) (Won) s 8 = 1.000 

(BIg) (Dg")(O'gy) 2 (60730120) (.5) = -.30565060 

(BIg) (Pat) (O'g,) 2 (-4.584557) (219762588) = -.59515204 
Dg? = 1.000 + .S0S65060 - .69915204 = $.10121736 
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OSVERMINATION OF MOMENT AND RWACTIONS 
DUE TO THE SFPECT OF SPREAD (WON.PRIGMATIGC) 
| Moment 
Prom Yormulaa Previcusly berlved 
“ \ ’ 
Na 2 Ste A! where Dy! (3h § wh) (ite Bm ) = (8 ym) (5 yn) (BE e)” 
. co}. 8 wh 
4 ; 
(1) (8%_ 8 hg) (Eg Sy) 2 (213762888) (.06981194) = .00947017 
(2) (B%e 5 yu) (Bl_ 5y),) @ (65) (202216160) = 0110808 
(S$) (Ig $y) = 06681194 


(4) D4" = Sanaa = 200947017 « 202108080 = -.02340631 
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Prom Formulas Previously perl ved 
Yq « 0 
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Prom Formulas Freviously Derived 
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(2) (8%Q 8 jm) (BI, Sy.) = (215762588) (.06881194) = 00947017 
(5) Blo $y 2 -5 
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